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Abstract 

We present a consolidation analysis method coupled with an elastoplastic 

constitutive model for unsaturated soils. The elastoplastic model includes two suction 

effects related to the increase in effective stresses, yield stress and resistance to plastic 

deformation due to the increase in suction. The smooth transition from elasticity to 

plasticity was also achieved by introducing the subloading surface model. The 

consolidation analysis method employs force equilibrium equations for soil and the 

Richards' mass conservation equation of pore water as field equations and is formulated 

by using FEM. Three simulations of typical element test series, a seepage model test 

and a virtual earth dam during reservoir filling were performed using the consolidation 

analysis method. The simulation results showed that the consolidation analysis method 

could be used to analyze geomechanical static problems relating to pore water pressure 

changes, especially saturation collapse behavior. 

Additional key words : effective stress, consolidation analysis, constitutive equation of 

soil, plasticity, unsaturated soil 

Notations 

D ijkt 

E1 
E'1 
F; 
G 

G; 
H 

H 

elastic modulus tensor 

=dS,/Js, 

=E1 /n 
components of body force vector 

shear modulus 

material parameter for shear modulus 

hardening modulus 

hardening modulus at conjugate point 
K,
L 

yield stress 

value of Ic on subloading surfaces 

first stress invariant 

second invariant of deviator stress 

third invariant of deviator stress 

bulk modulus 

material parameter for bulk modulus 

loading function 
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Pa atmospheric pressure 

R material parameter which defines the 

aspect ratio of elliptical yield surface 

R ratio of sizes of the subloading surfaces 

to the normal yield surfaces 

Ri initial value of R along a loading process 

S r degree of saturation 

S re degree of saturation at air entry 

a e material parameter for effective stress 

a ii change of storage of water due to change 

of degree of saturation 

a s material parameter for state surface 

c 1/ E 1 , tangential slope of soil water 

retention curve 

e0 initial void ratio 

e~ material parameter for state surface 

I yield functions 

h arbitrary constant which satisfies h » H 

hs Henry's coefficient of solubility 

k s permeability at saturation 

m P material parameter for permeability 

mr parameter for soil water retention curve 

n porosity 

nu unit tensor of plastic loading at the 

conjugate point 

unit gradient tensor of plastic potential at 

conjugate point 

n P material parameter for permeability 

nr parameter for soil water retention curve 

n s material parameter for state surface 

P' effective mean stress 

P'o initial mean effective stress 

qi components of relative displacement 

velocity vector of water with respect to 

soil skeleton 

s suction 

s* effective suction 

s c critical suction 

Se air entry suction 

u0 pore air pressure 

u eq equivalent pore pressure 

uw pore water pressure 

r value of r * at saturation 

T * void ratio of a constant e - log p' curve in 

plastic range with p' = unit 

r * 0 initial value of r * 

a coefficient characterizing single-step 

temporal discretization 

ah material parameter for hardening modulus 

y unit weight of soil 

yj material parameter for shear modulus 

y P material parameter for shear modulus 

£ ii volumetric strain of soil skeleton 

£ ! plastic volumetric strain 

£ ij strain increment tensor 

e P plastic strain increment tensor 
IJ 

e Lode angle 

K slope of e - log p' curve at unloading 

A value of ?., * at saturation 

A* slope of e - log p' curves in plastic range 

?., * 0 initial value of ?.,* 

CJ total stress 

CJ ' effective stress 

CJ 'ii current effective stress tensor 

CJ ',, effective stress tensor at conjugate point 

C5 1
ij effective stress increment 

¢ ' internal friction angle of failure line 

¢ 'cs internal friction angle of critical state line 

V' plastic potential functions 

B nodal displacement - strain matrix 

C nodal displacement - volumetric strain 

matrix 

D elasticity matrix 

F body force vector 

K * 0 coefficient matrix 

N interpolation function for pore water 

pressure 

N ' gradient matrix for pore water pressure 

N II interpolation function for displacement 

Q b prescribed flux on boundary nodal points 

R permeability matrix 

Tb prescribed traction on boundary nodal 

points 

a change of storage of water due to change 

q 

u 

(J' 

of degree of saturation 

flux vector 

nodal displacement vector 

nodal pore water pressure 

residual vector 

unknown vector 

effective stress vector 
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Introduction 

The compressive deformation of soils with 
saturation is called "Saturation collapse" or 
"Collapse due to wetting". The saturation collapse 

refers to the rearrangement of particles and a great 

loss of volume upon wetting. As the amount of 

deformation due to wetting is large, the saturation 
collapse causes serious damage to the structures 

constructed on or with the soils. Figure 1 shows 

an example of saturation collapse behavior in a 
laboratory test

4
l. The vertical stress is plotted 

against the void ratio e. The soil is considerably 

stiff within unsaturated ranges AB or A'B' as shown 

in Fig.l. However, once the soil is soaked under 
the application of a constant load, a large amount of 

compressive deformation, namely saturation 

collapse occurs (see the change B' -"7 C'). The 

deformation is irrecoverable. The stress point C' 

after soaking lies on the loading line ( CD line ) 

obtained under saturated conditions. This is the 

typical saturation collapse behavior. The collapse 
behavior can also be seen in soils compacted on 

.8 

---f-+---t--+-1--'l'-,--!1-!---l-6 

10 20 30 40 60 80 100 200 500 1000 2000 
Vertical stress (kPa) 

Fig. 1. Typical saturation collapse 
(after Dudley (1970/l) 

the dry side of optimum water content. For the 
construction of irrigation facilities using soil 

materials, for example fill-type dams, it is therefore 

very important to investigate the possibility of 

saturation collapse of the soils. 
The saturation collapse behavior is one of the 

typical properties of unsaturated soils and has been 

one of the most difficult problems to estimate in 

the field of soil mechanics for a long time. A few 

f h 1, 7, 8) h d groups o researc er ave attempte to 

address the problem on the basis of the 

elastoplastic theory since the end of the 1980s. We 

have developed elastoplastic models which may 
. h . 11 10, 11, 12, 13) estimate t e saturat10n co apse 

We need to use the stress-seepage coupled 

I . h d 9, 13, 15, 18) 11 d h ana ys1s met o s , so ca e t e 

consolidation analysis methods in order to estimate 
the real problems associated with the saturation 

collapse. Here, we describe the consolidation 

analysis method coupled with the elastoplastic 

model for unsaturated soils. The verification of the 

method is examined through three simulations of 

typical element test series, a seepage model test 

and the behavior of a virtual earth dam during 

reservoir filling. 

Generalized Elastoplastic Model for 
Unsaturated Soils 

The stress - strain relationship of unsaturated 

soils is greatly influenced by the amount of matric 

suction and the retention conditions of pore water. 

First, we examine the suction effects on each 

saturation condition. Then we show how the 

suction effects are introduced into an elastoplastic 

model. The elastoplastic model proposed here is 

the first one for unsaturated soils that belongs to 
the category of cyclic plasticity

6
l. The normal yield 

surfaces and subsurfaces therefore have to be 

defined. 

1) Suction effects 
Matric suction may only be referred to as 

suction, hereafter. Suctions is defined as 
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(1) Terzaghi's effective stress equation used for 

completely saturated soils. 

where ua is the pore air pressure and uw the pore 

water pressure. (3) 

It is also necessary to define the effective 

suction s*, since suction effects are assumed to be 

the functions of s*. The effective suction is 

Where CJ ' is the effective stress and CJ the total 

stress. 

s*=(s-se) (2) 

where se is the air entry suction and the brackets 

( ) denote the operation ( z ) = z at Z>O and ( z ) = 0 

at z $'. 0. 

When the value of suction s is very high, water 

may only be present in the meniscuses formed 

around the grain contact points. This saturation 

condition is called pendular saturation. In pendular 

saturation, the attractive force, known as capillary 

force, is induced by the surface tension between 

pore air and pore water and it draws the soil 

particles together. The capillary force increases as 

suction increases. An increase in the capillary 

force inhibits the plastic deformation associated 

with the relative sliding between the particles due 

to the external force. An increase in suction 

therefore induces the suction effect (b); capillary 

force due to an increase in suction induces an 

increase in yield stress and resistance to the plastic 

According to Ref. 11, the possible saturation 

conditions (or retention conditions) may be divided 

into three groups; Insular air, Fuzzy and Pendular 

saturation conditions as shown in Table 1. When 

s :S: se the saturation condition is called insular air 

saturation where pore air only exists as air bubbles 

surrounded by water. In insular air saturation, the 

mechanical soil behavior can be explained in terms 

of effective stresses that can be estimated by 

Table 1. The possible saturation conditions and their suction effects 

Saturation 
conditions 

Insular air 
saturation 

Fuzzy 
saturation 

Pendular 
saturation 

Conditions of pore 
water and air 

Pore air may only 
exist as air bubbles 
surrounded by water. 

In small pores, the 
condition is the 
insular air saturation, 
while it is the 
pendular saturation 
in large pores. 

Pore water may 
only exist in 
menisci formed 
around grain 
contact points. 

Suction effects 

(a) Increase in suction only 
increases effective 
stresses which can be 
estimated using 
Terzaghi's equation. 

(a) Increase in effective 
stresses due to an 
increase in suction, can 
be estimated using Eqs. 
(4)-(6) which are 
newly defined. 

(b) Increase in yield 
stress and resistance to 
the plastic deformation 
due to suction, can be 
estimated using Eqs. 

(b) Capillary force due to 
increase in suction 
induces an increase in 
yield stress and 
resistance to plastic 
deformation. 

Region of each 
saturation condition 

Insular air 
saturation 

Fuzzy saturation 

Pendular 
saturation 

llliliil Soilgrain 
c::i Pore water 
D Poreair 

Insular 
--+-14------i..___ air 

Air entry 
value 

saturation 

0 100 

Degree of saturation (%) 
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deformation. This suction effect will be described 

in detail in the discussion of fuzzy saturation. 

If the value of suction s is greater than that of 

the air entry suction se, air will enter the soil pores. 

As real soil has pores with various sizes, a large 

amount of water in large pores is drained and a 

small amount of water may remain in the 

meniscuses formed around grain contact points, 

while the small pores are saturated until higher 

suction is attained. This saturation condition is 

called fuzzy saturation. In fuzzy saturation, the 

mechanical behavior is affected by the following 4 

points. 

(1) Effective stress increases with an increase 

in suction in saturated zone. 

(2) The saturation zone decreases with an 

increase in suction. 

(3) Capillary force increases with an increase 

in suction in unsaturated zone. 

(4) Internal confinement, that is, the inhibition 

of overall deformations of the soil caused 

by the Point (3) becomes greater as 

suction increases. 

Before we start the main discussion, we have 

to define what the uniform behavior of soil is and 

under which conditions it exists. The uniform 

behavior refers to the behavior where no internal 

confinement can be found. For example, as 

slippage between soil particles occurs anywhere in 

soil on the critical state line at the wet side of 

critical state, the behavior is uniform. The wet and 

dry sides of critical state respectively mean the 

normally consolidation and overconsolidation sides 

of critical state. The definition is the same as that 

in the Critical State Soil Mechanics
2
l. 

The phenomenon of the Point (4) induces 

dilatancy, which is similar to that induced by 

interlocking, and makes the soil behavior non

uniform. The Point (4) is the overall confinement 

of soil induced by the Point (3) and cannot be 

estimated until the elastoplastic theory is 

introduced. It is namely treated as an expansion of 

yield surface (an increase in yield stress) due to 

increasing suction which is the same manner as 

that employed in the case of consideration of 

interlocking effects due to application of 

preconsolidation pressure. If the capillary force is 

rather smaller than the applied external forces, the 

uniform soil behavior may occur. If the soil 

behavior due to the applied external forces is 

uniform, the behavior may be expressed using 

stresses defined in the continuum mechanics. 

Comparing shear strength between saturated and 

unsaturated soils in the uniform shear behavior, we 

may consider that the extra-confining stresses apply 

to the unsaturated soil
11

l. These extra-confining 

stresses are the effective confining stresses and may 

be considered to be the effective stresses. The 

effective stresses can namely be defined as follows. 

When the effects concerned with the Points (1) - (3) 

can be regarded as the effect of an increase in 

effective confined stresses, the effective confined 

stresses will be defined as effective stresses. 

Here, effective stress equations are assumed 

to be formulated using the relationship between 

the shear strength and suction on the wet side of 

the critical state. According to the experimental 

results 
16

l (see Fig. 2), it is reasonable to define the 

following empirical effective stress equations 

(Suction effect (a)). 

CJ'=CJ-Ueq 

200 

100 

( S $;Se) 

• experimental data 
obtained by Maswoswe (1985) 16) 

~~/ 
?

~/ 
" ;.."' 

·0," • «;o/ / 

100 200 300 

Suction s (k:Pa) 

Fig. 2. Increase of shear strength due to suction 

(4) 

(5) 
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Sc-Se 
Ueq = Ua- (se+---s*) (s >Se) 

s*+ ae 
(6) 

Where ueq is the equivalent pore pressure, ae a 

material parameter, sc the critical suction. 

The effect of the Point (4) expands the yield 

surface and increases the resistance to plastic 

deformation. An increase in suction namely 

increases both the resistance to the plastic 
deformation and yield stress (Suction effect (b)). 

Such an effect can be estimated by formulating the 
state surface 

17
) which defines the state boundary of 

the volume change behavior in unsaturated soils. 

The state surface can be plotted in the space with 

the axes, effective mean stress log p', effective 

suction s*, and void ratio e (see Fig. 3). If the 

relationships between e and log P' are linear and 
the s* - e curves fit into the family of hyperbolic 

equations, they will be expressed as follows. 

e 

e 

e 8 

e=-'A*logp'+r* 

'A*=-"--
l+y 

r+e~y 
I'*=---

+y 

logp I 

(b) 

logp I 

e 

e8r--=:::::::::=::::::::::::
e/i 

Fig. 3. The generalized state surface 

(7) 

(8) 

(9) 

s* 

( s* )" y= -- s 
a, 

(10) 

Pl=]_ (j' .. 
3 IJ 

(11) 

Here ;t and r are respectively ;t * and r * at 

saturation, ;t* the slope of e - log p' curves in the 

plastic range, r * void ratio of a constant e - log p' 
curve in plastic range with P' = unit, as, ns and e~ 
material parameters, O"ij current effective stress 

tensor and repeated indices indicate summation. 

2) Formulation of normal yield surlaces 
In the following chapter, compression stresses 

are assumed to be negative. The elastoplastic 

model proposed here, which is generalized in 

taking account of stress invariant ]3 on the basis of 
the elastoplastic model proposed by Tanaka2

1
l, has 

two yield surfaces, as illustrated in Figs. 4 and 5. 

One is the Mohr-Coulomb type yield condition 

which defines the failure surface, that is, the 

Hvorslev surface. The other is the elliptical cap 

model with corners which defines the Roscoe 

surface. Both are connected on the critical state 

line. The critical state line and these yield surfaces 

are defined as follows. 

! = a* 11 + {J; = 0 
cs g(e) 

(12) 

le -I, 

Fig. 4. Yield surfaces of the proposed elastoplastic model 
at (-/1) - {I; section 
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(J' 
2 

(J' 
1 

Fig. 5. Yield surfaces of the proposed elastoplastic model 
in the principal stress space 

Ii = a* I1 + Vz -K* = 0 
g(e) 

(13) 

(14) 

where e is the Lode angle, I 1 the first stress 

invariant, ]2 the second invariant of deviator stress 

and ]3 the third invariant of deviator stress. They 

are defined as, 

(15) 

(16) 

(17) 

-3-{3]3 
sin3e=---

2]i·5 

where 8ij is the Kronecker delta. 

(18) 

(19) 

a \s, a*, a and b* are defined in Fig. 4. a\,, 

a * and g( e) are expressed as follows. 

2sinef>'cs 
a*cs = -------

-{3 ( 3 - sin</>'cs) 
(20) 

2sin </>' 
a*=------

-{3( 3- sin¢) 
(21) 

( 3 - sin¢') 
g(e) =--------

2 ( -{3 cose - sine sin¢') 
(22) 

where <!>'cs is the internal friction angle of the critical 

state line and <f>' the internal friction angle of the 

failure line. 

K*, a and b* relate uniquely to I 0• They are; 

K*= - (a\s- a*)Io (23) 

(24) 

b* =-a\J0 • (25) 

Ic can be expressed using I0 as 

Ic = (1 + R)I0 (26) 

where R is a material parameter, like the aspect 

ratio. I0 is the yield stress of this model. If this is 

an isotropic hardening model with plastic 

volumetric strain E ~ as a hardening parameter, Ic 

may be estimated based on the state surface 
11) 

concept . 

B*-Ep 
Ic = -3exp ( A* " ) (27) 
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(A *-IC) 
A*=---

2.3(1+e0) 

(A*-IC) (I'* -I'*) 
B* = ln (-P'o) - __ o __ _ 

2.3 (1 +e0) (1 + e0) 

(28) 

(29) 

3) Formulation of subloading surfaces 
The model proposed here belongs to the 

category of original subloading surface model
5
). 

Subloading surfaces are set so as to be similar to 

the normal yield surfaces (see Fig. 7). The 

similarity center is assumed to coincide with the 

origin. 

Here, IC is the slope of e - log ( -P' ) curve at The ratio of the sizes of the sub loading surfaces 

unloading, e0 the initial void ratio, p'0 the initial to the normal yield surfaces is expressed as 

mean effective stress and A *o and r *o the initial 
values of A* and I'*, respectively. 

The following two elliptical plastic potential 
functions are adopted here. 

1/11 = b2 
( I 1 - 10 )

2 +a*212 - a*
2 b2 = 0 

Uo ~I1 ~P2) 

(30) 

1/12 = b
2 U1 - Io )2 +a212 - a2b2 

= 0 
(10 ~11 ~P2 ) 

(31) 

where a*=P2-I0 , b=-acJo and acs is defined to 
coincide with the Mohr-Coulomb criterion using 

I fll 22) </>cs as O ows . 
When 0"1 = c,2 > c,3 (f riaxial compression), 

2sin</>'cs 
acs=------

{3 ( 3 - sin<f>'cs ) 

When 0"1 > c,2 = c,3 (f riaxial extension), 

2sin</>'cs 
a~=------

{3( 3 + sincf>'cs) 

Wheri plane strain condition, 

tan<P'cs 
a~=-;::==========

-'1 9 + 12 tan2 </>'cs 

(32) 

(33) 

(34) 

The process in which the suction effects are 
introduced into the elastoplastic model is 

summarized in Fig. 6. The process is applicable to 

any elastoplastic models with plastic volumetric 

strain as a hardening parameter. It is the major 

advantage of this formulation. 

(O~R~l) (35) 

where Jc is the value of le on the subloading 

surfaces and can be estimated based on the 

assumption that the current stress point is always 

lying on the subloading surfaces. 
-

A loading criterion is postulated using R as 

follows. 

-
R >0 Loading 

-
R <0 Unloading (36) 

-
R =0 Neutral loading. 

Here, R is an increment of R . 

We specify the conjugate point on the normal 

yield surfaces with the same outer normal direction 

as the current stress point c,'u on the subloading 

surfaces. Then, the conjugate effective stress 

tensor er ';i is 

A f a'ij 
O" ij=-=--. 

R 
(37) 

The hardening modulus His postulated as 

A A 

H = H + ( h - H) (1 R*)"'11 (38) 

(39) 

A 

where H is the hardening modulus at the 
conjugate point, h an arbitrary constant which 
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An elastoplastic model for unsaturated soils 
I Subloading I -{T, 

/ 1 = a* 11 + --2- - K* = O ( Io,;; r, ,;; P2 l (13) - I surface model g(e) 

f2 = b*1 ( 11 - lo )2 + a1 - a2b*2 = O (14) Smooth transition 
g c e )2 

(le,;; I,,;; lo) 
from elasticity to plasticity 

f 
I 

le= (1 +R) /0 (26), a= - Uc - lo) (24) 

b* = -a* cs / 0 (25) , K* = -( a* cs - a*) Io (23) 

i 
Estimation of yield stress IC 

Stress invariants / 1 11 e B* - c:e 
le= -3 exp ( ) (27) 

in terms of effective stresses 

H A*= 
( A* - IC) 

(28) 
2.3 (1 + eo) 

*-(A*o-K") , (I'*o-I'*) 
B -2.3 (1 +eo) ln(-Po)- (1 +eo) (29) 

The plastic volu!etric strain ee regarded I as a hardening parameter 

<Suction effect (a)> <Suction effect (b)> 
An increase in effective An increase in yield stress and 
stresses due to an increase in resistance to the plastic deformation 
suction, which can be evaluated due to an increase in suction, which 
using Eqs. (4H6). can be evaluated using Eqs. (7)-(10). 

Fig. 6. Suction effects and their introductioon into the elastoplastic model 

Critical state 
line / ,,_...,.. 
/ 

/// 

estimated on the basis of the generalized plasticity 
3) 

theory . The effective stress increment d 'ij is 
given by 

• I D ( . . p) 
<J ij = ijkt c;j - £ ij (40) 

where D;jkt is the elastic modulus tensor, e ij the 
strain increment tensor and eP_ the plastic strain 

I} 

increment tensor. 

Fig. 7. Normal yield and subloading surface at (-/1) - {J; 
section 

If plastic deformation occurs, the plastic strain 

increment eP. is assumed to be given as 
I} 

satisfies the condition h » H, a1, a material 
- -

parameter and R; the initial value of R along a 
loading process. 

4) Procedure for estimation of stress and 
strain on subloading surfaces 

The stress and plastic strain increments are 

(41) 

where L is the loading function and it is 
determined by 

L = __ n_k1_D_k_1m_,,_e_"'_" _ (42) 
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Here, nij and ni;' are, respectively, the unit 
tensor of plastic loading and unit gradient tensor of 

plastic potential at the conjugate point. They are 
defined as follows. 

Jf 
::) A / 

ocr ij 
(43) nij=--------~ 

[ [ :J., J [ at ]]"' 
dlfl 

::) A / 

oCJ ij 
1l·· = ----------,-

' [ [ ::. l [ ::., lf' 
(43) 

Here, f and 1f1 denote, respectively, yield and 
plastic potential functions. 

unit weight of soil, F ; the components of body 

force vector, q i the components of relative 
displacement velocity vector of water with respect 

to soil skeleton, a ;; the change of storage of water 

due to the change of the degree of saturation S , , 

8 ii the volumetric strain of soil skeleton. 
Subscripts after a comma denote spatial 

differentiation. A superposed dot denotes 
differentiation with respect to time. 

If the field equations are introduced to the 
discrete system using the finite element method 

and the solution procedure based on the modified 
Newton-Raphson method is adoptei

5
), they will be; 

(47) 

(48) 

Consolidation Analysis Method for Unsaturated where o is the unknown vector, <P the residual 

Soils vector and K* 0 the coefficient matrix. They are 
obtained as follows. 

1) Field equations and FEM formulation 
In many soil mechanics problems, it can be 

assumed that pore air is always connected with the 

atmosphere and the permeability for the air flow is 

sufficiently high. Pore air pressure would be the 

same as the atmospheric pressure. Considering 

that the pore air pressure is not the pressure of air 
bubbles but the air pressure surrounding soil 

particles at the boundary which is the atmospheric 
pressure, the assumption can be applied for insular 

air saturation. In the case of insular air saturation, 

the pressure of air bubbles is assumed to be the 

same as the pore water pressure. If these 

assumptions are valid, the field equations for 

consolidation problems can be represented by the 

following two equations. 

(45) 

(46) 

Equation (45) is the equilibrium equation of 

soil and Eq. (46) is the Richards' mass 

conservation equation of pore water. Here, y is the 

Lio= , <Pm= 2 l Liu(t.) } {<P'm} 
Liuw(t,,) <Pm 

(49) 

[ K L J K*o= T -
L -a-,1.t~E 

(50) 

(51) 

I I 

-Lf N;,bNub'I;,(t.)dS-Lf y N;,F(t.)dV 
'1S3 'lV 
~ ~ re~ 
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I I -Lf NTa(t,,),,,dV +Lf N'h(t11_ 1)dV 
i=l V i=l V 

I 

+L1t·aI;f N1NbQb(t11)dS 
i=l S4 

l 

-L1t·aI;f N'lJp(t11) 111 dV 
i=l V 

I 
-L1t·(I-a)I;J N'Tqp(t11_1)dV 

i=l V 

I 

-L1t·(I-a) Lf N'lJ/t11_1)dV 
i=l V (54) 

where <J ' is the effective stress vector, u the nodal 

displacement vector, uw the nodal pore water 
pressure, N the mterpolation function for pore 

water pressure, N' the gradient matrix for pore 

water pressure, N,, the interpolation function for 

displacement, B the nodal displacement - strain 

matrix, C the nodal displacement - volumetric 
strain matrix, D the elasticity matrix, R the 

permeability matrix, Fthe body force vector, a the 

change of storage of water due to the change of the 

degree of saturation, 1;, the prescribed traction on 

the boundary nodal points, Qb the prescribed flux 

on the boundary nodal points, q the flux vector, 

E'1=E/n, E1=JS,!Js,n: porosity, a the 
coefficient characterizing single-step temporal 

discretization. Superscript T denotes the 

transposition of matrix and subscripts b, p, g, m and 

n denote the value on the boundary, the value due 

to pore water pressure, the value due to 

gravitational potential, the number of iterations and 
number of time steps, respectively. 

The operations of Eqs. (47), (48), (53) and 

(54) should be iterated until the solutions of o 
have been satisfied with the convergence criteria 

for which the second norm of o was used here. 

The operations of plastic stress calculation 
were also inserted between Eqs. (48) and (53). 

The calculation of plastic stresses on the 

subloading yield surfaces was performed in terms 
of the generalized plasticity theory described in 

section 4) in the second chapter. The calculation 

of plastic stresses on the normal yield surfaces was 

conducted in terms of the return mapping 

algorithm
20

\ because the calculated stress point 
must always lie on the yield surface in the 

calculation of the plastic stresses on the normal 

yield surfaces. The return mapping algorithm is 

schematically shown in Fig. 8. In this procedure, 

first the stresses are predicted using elastic 

relations, next the relaxation of stresses is 
iteratively carried out and then the final stresses 

which are consistent with those at a point on the 

yield surface are calculated. The process is shown 

in Table 2. 

2)Soil water retention and permeability 
properties 

Material nonlinear properties need to be taken 

into account to conduct consolidation analysis. We 

considered nonlinear properties of stress - strain 
relationship, permeability and soil water retention. 

The elastoplastic model with the two suction 
effects described above was employed as the stress 

strain relationship. 

It is reasonable to assume that soil water 

retention curves may not change appreciably with 

the deformation of soil
13

). The following equations 

Elastic domain 

( Elastic predictor) 

Tangent 
(limiting) cut 

Fig. 8. Numerical implementation of the generalized return 
mapping algorithm (after Ortiz & Simo (1986)

20
J) 
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Table 2. Calculation procedure of generalized return mapping algorithm 

(1) Total strain update : 

L'.lem+1=BL'.l<>m+I 

(2) Elastic predictor : 

L'.I a:n + 1 = D m L'.I em+ 1 

( 0) A e 
O"m +I= erm+Ll er,,, +I 

(3) Check for yielding : 

YES: 

f~~I =f( O"~~l1 ):s;O? 

(0) 
erm+1=erm+I 

NO : i= 0 

( 4) Plastic correctors : 

EXIT 

1 _f(i) i{(:if(i) /:i )TD (i) (-:.. (i) /:i ) (-:..f(i) /:, p)T (:i (i) /:, )} 
/l,- m+l a m+I uer m+I ulffm+l uer - a m+I ue ulffm+I 00" 

(;+I) (i) · (i) ( i) 
O" m + 1 = O" m + I - A Dm + 1 ( d If! m + 1 / d O" ) 

eP<i+l)=eP<il+A. (cJ11r<iJ Ider) 
m+I m+I 'f'm+I 

(5) Convergence check : 

If ;:,+JI I:,; TOL I!~~ I I ? 

YES . - (i+l) 
· O"m+I-O"m+I' 

p _ p(i+ I) 
em+i-Em+I 

NO: i- i + 1 GO TO (4) 

may therefore be considered to express the soil 

water retention curves. The equations were 

formulated by guaranteeing the continuity of the 

tangential slope c ( = 1 / E 1 ) of the soil water 

retention curve. The model is therefore designated 
here as the Tangential model. 

(Pa-sJ 
C=-(1-S,,+hsS,,) 2 <Pa -s) 

( s :s; s,) (55) 

C = cf (57) 
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where Pa is the atmospheric pressure, S,e the 

degree of saturation of air entry, hs Henry's 

coefficient of solubility, He =l at s :s; s,,, or Hc=O at 

s > sm and subscripts m and f denote respectively 

the values at the points F and M shown in Fig. 9. 

Point F is the lowest suction point among the 

points where the tangential slope is almost 

(62) 

Here ks is the permeability at saturation, mp 

and np are material parameters. 

constant in the range of greater suction and point Analyses of Saturated Collapse Behavior 
M is the point where the tangential slope is 

maximum. The parameters m, and n, are obtained 1) K0 consolidation test simulations 
as follows using the continuity condition of the Here, K0 consolidation test series with and 

value c. without soaking were simulated using the 

m= r 

n = r 

c,,,(s,,,-s.)- (S,.-Sn11 ) 

( S,e - Srm) - c,( Sm Se) 

Cm( Sm s1) - ( S,r snn) 

( S,t- srm ) - cJ s,,, - St) 

(58) 

(59) 

The permeability is considerably influenced by 

the deformation and the change of the degree of 

saturation of soil. Then, the permeability property 

was assumed to be a function of e and Sr as follows. 

E =~[-e-]"p 
P l+e e0 

i:: 
0 

0 100 

Degree of saturation S, (%) 

(60) 

(61) 

Fig. 9. The tangential model for soil water retention curves 

consolidation analysis method described above. 

The experimental data of Lower Cromer Till (a low 

plastic clay, lp=13, wL=25%, Ps = 2.69) were 
obtained by Maswoswe 

16
) .The grading curve of 

Lower Cromer Till is shown in Fig.10. Table 3 

presents the material parameters. The water 

retention curve is shown in Fig. 11. Here, the bulk 

and shear moduli are assumed to be functions of p' 
and -[]; as follows. 

-2.3(1+e0) 
K= p'+K; (63) 

1( 

(64) 

where K and G are the bulk and shear moduli, 

respectively. G; and K; , °(j are Yp material 

parameters. 

These material parameters shown in Table 3 

were derived as follows. The air entry suction s. 
was obtained from the soil water retention curve 

shown in Fig. 11. The material parameters se and a. 
concerned with effective stress can be determined 

as follows from the shear strength data at the wet 

side of critical state 
14

l. From the shear strength 

data, if the shear failure occurs on the failure line, 

we can obtain the u,q values as the distances of the 

horizontal axis between the failure points on 

(CY1 - CY)/ 
points with the same shear strength 

2 
on 
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0.01 0.1 
Particle size (mm) 

10 

Fig. 10. Grading curve for Lower Cromer Till 

Table 3. Material parameters of Lower Cromer Till used in 
the analyses 

Elasticity K= 0.035. K ;=G; = 0 kPa, yj = 0.0, y P = 118.6 

Sub loading h = 2 x 105 kPa, a 1, = 4.8 

Plasticity if>'= 28°, if>'cs = 30°, R = 0.42, 
I c = -1050 kPa, p '0 = -280 kPa 

Effective sc = 162.5 kPa, ae = 162.5 kPa, 
stress Se= 0 kPa 

State J = 0.166, r = 0.840, e g= 1.087, 
surface as = 360.5 kPa, n, = 1.528 

Initial S , 0= 0.45 , s O = 240 kPa, 

condition en = 0.661, 'V = 17.63 kN/m3 

Permeability ks = 1 x 10· 2 mid, mp = 3.0, lip = 3.0, 
and Soil water h., = 0.02, Yw = 10 kN/m3

, Pa= -100 kPa, 
retention s,e = 0.96, s,m = 0.95, s,f = 0.45, Sm= O.lkPa, 

sf= 240 kPa, c
111 

= 3.8 x 10·3, cf= 7.5 x 10· 4 

the failure line. Once we can get u,q values, s, and 

a, can be estimated from the linear relationship 

betweens* ands* /f, where/ =u,q-ua+s,, using the 
least square method. Next, the material 

parameters A, r, eg , a, and n, concerned with the 

state surface can be obtained as follows. The 

parameters A and r can be estimated from the 

relationship between e and log P' under saturation 

conditions. Using the e - log p' relationships as 

shown in Fig. 3 (b), eg, and A* values for each s* 
value can be obtained. As the values of y can be 

estimated from Eq. (8) and the relationship 
between logy and logs* from Eq. (10) is linear, we 

200 

100 

0 50 

• Experimental 
data 

- Tangential 
model 

100 

Degree of saturation S, (%) 

Fig. 11 . Soil water retention curve of Lower Cromer Till 

can obtain a, and n, using the least square method. 

Other parameters concerned with the elastic and 

plastic properties could be estimated from 

experimental data obtained by triaxial shear and 

consolidation tests except for R, h and a1z. The 

value of parameter h concerned with subloading 

surface employed the value usually used. The 

parameters R and a1, were estimated from the trial 

and error numerical simulations. 

The results of these simulations are shown in 

Fig. 12. Here, the effective stresses are those 

estimated using Eqs. (4) - (6) 

Figure 12-(a) shows the e - log crv relationships 

for the K0 consolidation test simulations. The 

results in the K0 consolidation process become 

asymptotic to the saturation line as cr" increases. 
This is ascribed to the fact that the compression of 

the soil skeleton with the increase of crv results in 

the higher degree of saturation. In the soaking 

processes, a great volume decrease (the saturation 

collapse phenomenon) is induced and the points 

after soaking are almost located on the saturation 

line. Simulation results are consistent with the 

identical test results. 
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Fig. 12. K0 consolidation simulation 
results on Lower Cromer Till 
(a)Relationship between void 
ratio and vertical stress 
(b)Stress paths with soaking 
(SK2) (c)Stress paths with 
soaking (SK3) (d)Stress paths 
without soaking (SK5) 
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Figures. 12-(b) - (d) show the associated 

stress paths. Figures. 12-(b) and (c) represent the 

K0 stress paths with soaking and Fig. 12-(d) 

represents those without soaking. During soaking, 

the values of deviator stress decrease. The stress 

points after soaking lie almost on the saturation K0 

line. The effective stress paths trace on the 

saturation K0 lines. Thus, it was found that this 

consolidation analysis method enabled to estimate 

the saturation collapse behavior measured in the 

laboratory tests. 

2) The seepage model test simulation 

A seepage model test simulation on the 

loosely compacted DL clay (a non-plastic silt, p, = 

2.65) samples was performed using the 

consolidation analysis method described above. 

The grading curve of DL clay is shown in Fig.13. 

The seepage test was performed to simulate the 

process of seepage of fill-type dams. The 

components of the test apparatus used here are 

shown in Fig. 14 and Photo 1. The dimensions of 

the soil-container box used here were as follows: 

height H = 50.5 cm, width W = 30 cm and length L 

= 120 cm. The box had two loading systems with 

which back air pressure up to 200 kPa and vertical 

stress up to 300 kPa could be separately applied to 

soil models. The front surface of the box was 

covered with a transparent acrylic resin board. 

The water tanks were also prepared on both sides 

of the box to conduct seepage. The DL clay 

on .s 80-+------,f---~'---...+--------l 
C/l 
C/l 

[ 60-i------;----+---+--------l 
Cl) 
on 
~ 40-+------+-+-----+------l 

1 20-t------r-----t--------i 

0 -i----,--,-.....-,...,..,...,.---,---,-..,.....-.,..........,,+----,---,-..--,..,...,...,.,... 

0.001 0.01 0.1 1 
Particle size (mm) 

Fig. 13. Grading curve for DL clay 

material with water content w = 17% was statically 

compacted in the box so that the dry density pd was 

1.30 and the height, width and length of the model 

were 45, 30, 100 cm, respectively. Under these 

conditions, the initial void ratio e0 , initial degree of 

saturation S, 0 and initial suction s0 were 1.05, 45% 

and 30 kPa, respectively. Pore water pressures and 

displacements were measured during the test. The 

pore water pressures were measured using the 

pore water pressure transducers placed at 

prescribed points in the model. The displacements 

were obtained from the amount of movements of 

the grids for which pictures were taken. The grids 

were printed on the rubber membranes which 

were put on the greased acrylic board. The 

procedure of the test was as follows. First, the 

back air pressure of 98 kPa was applied to the 

whole soil model in order to shift the pore water 

pressures to positive values. The soil model was 

i Vertical stress 
Back air 

Air balloon 

Downstream Soil container box Upstream 

Fig . 14. The components of seepage test apparatus 

Photo 1 . The seepage test apparatus 

I 
I 
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consolidated by applying the 14 7 kPa vertical 

stress after the pore water pressures became 
constant. After completing the consolidation, the 

water levels of upstream and downstream sides 
were, respectively, raised to 37.5 cm and 2.3 cm in 

order to perform the seepage test. 
The processes of construction of the model, 

consolidation due to vertical stress and seepage 

were simulated using the consolidation analysis 
method. The finite element mesh and boundary 

conditions used are shown in Fig. 15. The 

elements used here were quadratic isoparametric 

for the displacement field and superparametric for 

the pore water field. Reduced integration (a 2x2 

Gauss point integration) was also adopted. The 

identified parameters are shown in Table 4. The 

results of the simulation concerned with 

distributions of suction and displacement during 
seepage are shown in Figs. 16 and 17 with 

experimental results. Figure 16 illustrates the 

distribution of suction. The values of suction 

induced in the model were high just before the 

commencement of seepage. The suction 

distribution of the simulation was similar to that of 

the hydrostatic pressure, while the distribution in 

the test was more complex, presumably due to the 

initial non-uniformity. The values of suction 

became lower as seepage went on. The suction 

distribution in both test and simulation at t = 150 
and 300 minutes was very similar. The suction 

values increased toward the upper corner of the 

q = 147 kPa 

l l l 
R igid 

\. 
-

I I 

2.3 

~ cm 
i'7 

-

downstream side and the maximum suction value 
was observed near the upper corner of the 

downstream side. At the steady state, the values of 

suction became low. The suction distribution in 
the simulation was consistent with that of the test. 

Figure 17 shows the distribution of 

displacement. The distribution of displacement at t 

= 0 minute shows the state just after consolidation. 

The amount of displacement due to vertical stress 

was very small as in the state at t = 0 minute. 
When seepage started, the deformation progressed 

from the upstream side. The deformation was 

Table 4. Material parameters of DL clay used in the 
seepage test simulation 

Elasticity I(= 0.010. K ;=G; = 0 kPa, y1 = -40.4, Yp = 70.0 

Subloading h = 2x 105 kPa, a"= 2.0 

Plasticity </!' = 26.2°, </!'cs= 32.2°, R = 1.2, 
I c = -510 kPa, p '0 = -147 kPa 

Effective Sc = 43.0 kPa, ae = 33.3 kPa, 
stress Se = 10 kPa 

State l = 0.143, r = 1.310, e g= 1.638, 
surface as = 135,900 kPa, n, = 0.280 

Initial S ,. 0= 0.45 , s O = 30 kPa, 

condition en = 1.050, y = 14.7 kN/m3 

Permeability ks = 6 x 10· 5 
mid, mp = 3.68, Ill' = 3.0, 

and Soil water h, = 0.02, Y.,. = 9.8 kN/m3
, Pa = -98 kPa, 

retention S,.e = 0.99, Sn,,= 0.60, S,.f = 0.16, s,,, = 13kPa, 

sf= 120 kPa, c111 = l x 10·2, cf= 9 x 10· 4 

Impermeable 
I 

l I ~ l 
Rigid 

" "7 
: I 

45cm 

37.5 
cm 

f .. 
Rzgzd and Impermeable 

----------100 cm---------

Fig. 15. Finite element mesh and boundary conditions for the seepage test simulation 
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- Steady ~=:tr ~ ~ ""' 
Test results Simulation results 

Fig. 16. Suction distributions during seepage (unit=kPa) 

induced by saturation collapse. The displacement 

distribution in both test and simulation at t = 150, 

300 minutes and steady state was very similar. 

Though the amount of displacement in the 

simulation was slightly smaller than that of the test, 
both were comparatively consistent as a whole. 

Thus, the deformation behavior concerned with 

saturation collapse could be estimated using the 

consolidation analysis method described above. 

3) Analysis of an earth-fill dam during resetvoir 

filling 
The behavior of a virtual earth dam 

constructed with a collapsible soil (Lower Cromer 

Till) during reservoir filling was analyzed here 

using the consolidation analysis method. The 

dimensions of the dam (H =50 m, B =305 m ) , finite 

element mesh, the speed of construction and the 

boundary conditions are shown in Fig. 18. As 

------
- I ~A VB - · I 

" - I I 
T "' "' L> "' 

Test results Simulation results 

Fig. 17. Vertical displacement distributions during seepage 
(unit=mm) 

boundaiy conditions, the pore water pressure was 

zero at the downstream foundation and the base 

was rigid and impervious. The elements used here 

was the same as those in the previous analyses. 

Reduced integration (a 2x2 Gauss point 

integration) was also adopted. The reservoir was 

filled in 270 days at a constant rate and the water 

level was 45 m. The material parameters and the 

retention curve based on the experimental data for 

Lower Cromer Till are presented in Table 3 and 
Fig. 11, respectively. 

The results of this analysis are shown in Figs. 

19-23. Figure 19 shows the deformation at each 

stage. The deformation advanced as the saturation 

zone expanded. At the completion of construction, 

settlement was at maximum at the center of the 
embankment, as seen in the typical measurement 

records, and horizontal displacements were still 

small. The degree of safety of this embankment 

- "@) ('Cl 

~ 
00625 - - ·- .D <.l E :r: <.l - - Time (day) - - -vc -

I I I - " - u "' u "' ?" 

Fig. 18. Finite element mesh and boundary conditions 
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Just after construction t = 800days 

Water level = 25m t = 950days 

Just after reservoir filling t = 1070days 

Transient seepage t = I370days 

Steady state t = 4070days Scale'-------'-----' 
0 10 20 m 

Fig. 19-(a) 
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sz 
Just after construction t = 800days 

Water level = 25m t = 950days 

Just after reservoir filling t = I070days 

-200 -150 ::v 
Transient seepage t = I370days 

Steady state t = 4070days unit=cm 

Fig. 19-(b) 
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lZ 

Just after construction t = 800days 

Water level = 25m t = 950days 

30 10 

,,.....-----

Just after reservoir filling t = 1070days 

Transient seepage t = 1370days 

Steady state t = 4070days unit=cm 

Fig. 19-(c) 

Fig. 19. The analysis results (deformation) of an earth-fill dam at each stage (a)Deformation (b)Vertical displacement 
(c) Horizontal displacement 
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was thus very high. The positive values of the 

horizontal displacement were associated with the 
downstream direction. During the filling of the 

reservoir, the water-load on the upstream slope 

caused downstream and downward movements, 
and the collapse due to wetting caused downward 

movement and upstream rotation of the 

embankment. These phenomenon coincided with 
the effects of reservoir filling pointed out by Nobari 

19) 
and Duncan . As a result, the upstream slope of 

the embankment below the water deformed toward 

the downstream side, and near the crest it 

deformed in the opposite direction, toward the 

upstream side. Tension cracks may therefore be 

induced on the downstream slope near the crest. 
In the steady state, settlement was remarkably 

large and the maximum value reached about 4m. 

The free board was not, therefore, sufficient in this 

case. 

Figure 20 shows the change of horizontal 

displacements with time at the upstream crest. 

The dam showed an upstream deformation just 

after the commencement of seepage and then 

moved back downstream. This behavior is 
consistent with the typical dam behavior during 

reservoir filling and it could not be analyzed until 

the consolidation analysis method taking into 

Downstream 
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Time (day) 

Fig. 20. The time change of horizontal displacement at the 
upstream crest 

account the saturation collapse was adopted. 
Figure 21 shows the distribution of shear 

strain. The shear strain also increased as the water 

level went up. At a high water level, the maximum 

value of shear strain reached about 8%. The shear 
strains were concentrated near the upstream slope. 

However, this embankment was still safe, since the 

shear strength magnitude of the fill material at 

saturation was sufficiently high. 
Figures 22-(a) and (b) illustrate the 

distribution of the vertical stress and pore water 

pressure, respectively. The compression pressure 

was assumed to be negative. At the construction 
stage, a large amount of suction occurred. The 

suction induced a great deal of vertical stress. The 
saturation zone gradually expanded as the water 

level went up. The vertical stress decreased with 

the expansion of the saturation zone. 

Figure 23 shows the e - log p or e - log p' 
curves at A, B and C points in the embankment 

illustrated in Fig. 18. The open circles represent 

the results of the isotropic compression test of 

Lower Cromer Till. The e - log p curves at A, B and 

C in the construction stage traced on the same line 

which was almost consistent with the line 
estimated from the experimental data. During 

reservoir filling, the decrease of void ratio due to 

the decrease in suction could be observed and 

when the suction became less than se the points lay 

on the saturation e - log p' line. During the process 

of seepage, thee - log p' curves at A and B were in 

the elastic region and under the unloading process. 

The unloading process was induced by buoyant 

uplift forces, that is, a decrease in effective stresses 

due to an increase in pore water pressure. 

Conclusions 

We described the consolidation analysis 
method with an elastoplastic constitutive model for 

unsaturated soils. The model included two suction 
effects which were related to increases in effective 

stresses, yield stress and resistance to the plastic 

deformation due to an increase in suction. The 

smooth transition from elasticity to plasticity was 
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Fig. 21. The analysis results (shear strain distributions) of an earth-fill dam at each stage 
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Fig. 22. The analysis results (stress distributions) of an earth-fill dam at each stage (a)Vertical stress (b)Pore water pressure 
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Fig. 23. Relationships between void ratio e and log p or log p' at A, B and C points in the dam shown in Fig. 17 

represented by introducing the subloading surface 

model. Such a treatment is useful to analyze many 

practical problems. The consolidation analysis 

method employed force equilibrium equations for 

soil and the Richards' mass conservation equation 

of pore water as field equations and was formulated 

by using FEM. The effective stress equations 

defined in the process of formulating the 

elastoplastic model were used. 

Three simulations concerned with saturation 
collapse; K0 consolidation test series, a seepage 

model test and a virtual earth dam were performed 

using the consolidation analysis method. The 

simulation results of K0 consolidation test series 

with and without soaking showed that the 

consolidation analysis method could be applied to 

the estimation of the saturation collapse behavior 

measured in the laboratory tests. 

The following results of a seepage model test 

for a compacted unsaturated soil; (1) the values of 

suction became lower as seepage went on and 

increased towards the upper corner of the 
downstream side, (2) the amounts of displacement 

due to vertical stress were small, (3) the 

deformation advanced from the upstream side with 

seepage, could be simulated using the analysis 

method. 

The deformation behavior of an earth-fill dam 

constructed with a collapsible soil during reservoir 

filling was also analyzed by the same method. The 

behavior of earth-fill dams during reservoir filling 

is complexly influenced by the application of the 

water-load, the pore water pressure change in the 

dam and the collapse due to wetting. Such a 

complex behavior could not be simulated until the 

analysis method described above was adopted. 

We demonstrated through the simulations 
that the method was available to analyze 

geomechanical static problems related to pore 

water changes, especially saturation collapse 

behavior. 
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